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We present a general relativistic framework for the calculation of the electroweak structure of
heavy-light mesons within constituent-quark models. To this aim the physical processes in which
the structure is measured, i.e. electron-meson scattering and semileptonic weak decays, are treated
in a Poincare´ invariant way by making use of the point-form of relativistic quantum mechanics. The
electromagnetic and weak meson currents are extracted from the 1-γ and 1-W -exchange amplitudes
that result from a Bakamjian-Thomas type mass operator for the respective systems. The covariant
decomposition of these currents provides the electromagnetic and weak (transition) form factors.
Problems with cluster separability, which are inherent in the Bakamjian-Thomas construction, are
discussed and it is shown how to keep them under control. It is proved that the heavy-quark limit
of the electroweak form factors leads to one universal function, the Isgur-Wise function, confirming
that the requirements of heavy-quark symmetry are satisfied. A simple analytical expression is
given for the Isgur-Wise function and its agreement with a corresponding front-form calculation is
verified numerically. Electromagnetic form factors for B− and D+ and weak B → D(∗)-decay form
factors are calculated with a simple harmonic-oscilllator wave function and heavy-quark symmetry
breaking due to finite masses of the heavy quarks is discussed.
PACS numbers: 13.40.Gp, 11.80.Gw, 12.39.Ki, 14.40.Aq
I. INTRODUCTION
A proper relativistic formulation of the electroweak
structure of few-body bound states poses several prob-
lems. Even if one has model wave functions for the few-
body bound states one is interested in, it is not straight-
forward to construct electromagnetic and weak currents
with all the properties it should have. Two basic fea-
tures are Poincare´ covariance and cluster separability [1–
3]. The latter means that the bound-state current should
become a sum of subsystem currents, if the interaction
between the subsystems is turned off. This property
is closely related to the requirement that the charge of
the whole system should be the sum of the subsystem
charges, irrespective whether the interaction is present
or not [4]. Electromagnetic currents should, furthermore,
satisfy current conservation and in the case of electroweak
currents of heavy-light systems one has restrictions com-
ing from heavy-quark symmetry that should be satisfied
if the mass of the heavy quark goes to infinity [5–7]. This
is the topic which we will concentrate on in this paper
keeping, of course, also the other requirements for a rea-
sonable current in mind.
The main ingredients in the construction of currents
are the wave functions of the incoming and outgoing few
body bound states. Since momentum is transferred to
the bound state in the course of an electroweak process,
one has to know how to boost the wave function, which
is usually calculated for the bound state at rest, to the
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initial and final state, respectively. A procedure which
provides wave functions for interacting few-body systems
with well defined relativistic boost properties is the, so
called, Bakamjian-Thomas construction [3, 8]. It gives
an interacting representation of the Poincare´ algebra on
a few-body Hilbert space, allows even for instantaneous
interactions, and it works in the 3 common forms of rel-
ativistic Hamiltonian dynamics [9], the instant form, the
front form and the point form. These forms are char-
acterized by which of the Poincare´ generators contain
interaction terms and which are interaction free. In the
point-form, which we are going to use, all 4 components
of the 4-momentum operator are interaction dependent,
whereas the Lorentz generators stay free of interactions.
As a consequence boosts and the addition of angular mo-
menta become simple.
There is a long list of papers in which relativistic
constituent-quark models serve as a starting point for
the calculation of the electroweak structure of heavy-light
mesons. A lot of these calculations have been done in
front form, like e.g. those in Refs.[10–13] , to mention a
few. In these papers the electromagnetic and weak me-
son currents are usually approximated by one-body cur-
rents, which means that those currents are assumed to
be a sum of contributions in which the gauge boson cou-
ples only to one of the constituents, whereas the others
act as spectators. It is well known that this approxima-
tion leads to problems with covariance of the currents in
front form and in instant form [4]. The form factors ex-
tracted from such a one-body approximation of a current
depend, in general, on the frame in which the approxi-
mation is made. In the covariant front-form formulation
suggested in Ref. [14] this problem is circumvented by
introducing additional, spurious covariants and form fac-
2tors that are associated with the chosen orientation of
the light front. Another way to cure this problem is the
introduction of a non-valence contribution leading to a,
so called, Z-graph [15, 16]. Such a non-valence contri-
bution to the currents is also included in an effective
way in the instant-form approach of Ebert et al. [17].
This is a very sophisticated constituent-quark model for
heavy-light systems based on a quasipotential approach.
A whole series of papers by Ebert and collaborators deals
very comprehensively with spectroscopy, structure and
decays of heavy-light mesons and baryons. In connection
with instant form constituent-quark models one should
also mention the papers of Le Yaouanc et al. (see, e.g.,
Ref. [18] and references therein). They were the first
to prove that covariance of a one-body current is recov-
ered, if the mass of the heavy quark goes to infinity [19].
Thereby they made use of the known boost properties of
wave functions within the Bakamjian-Thomas formula-
tion of relativistic quantum mechanics.
On the contrary, the literature on point-form calcu-
lations of heavy-light systems is very sparse, although
the point form seems to be particularly suited for the
treatment of this kind of systems. We are only aware
of two papers by Keister [20, 21]. This is one of our
motivations to investigate the electroweak structure of
heavy-light mesons within the point form of relativistic
dynamics. Although it is possible to formulate a covari-
ant one-body current in point form [22, 23], we will adopt
a different strategy. Instead of making a particular ansatz
for the electromagnetic and weak currents and extract
the form factors from these currents, we rather want to
derive these currents in such a way that they are com-
patible with the binding forces. The idea is to treat the
physical processes in which the electroweak form factors
are measured in a Poincare´ invariant way by means of
the Bakamjian-Thomas formalism. This gives us 1-γ and
1-W -exchange amplitudes from which the currents and
form factors can be extracted. This kind of procedure has
already been applied successfully to the calculate elec-
tromagnetic form factors of spin-0 and spin-1 two-body
bound states consisting of equal-mass particles [24, 25].
These calculations were restricted to space-like momen-
tum transfers. For instantaneous binding forces the re-
sults were found to be equivalent with those obtained
with a one-body ansatz for the current in the covari-
ant front-form approach [14]. The present paper is an
extension of the foregoing work to unequal-mass con-
stituents and to weak decay form factors in the time-
like momentum transfer region. It is also intended as
a check whether the additional restrictions coming from
heavy-quark symmetry can be accounted for within our
approach.
The general Poincare´ invariant framework that we use
to describe electron-meson scattering and semileptonic
weak decays of mesons will be introduced in Sec. II. It is
a relativistic multichannel formalism for a Bakamjian-
Thomas type mass operator [3, 8] that is represented
in a velocity-state basis [22]. This multichannel formu-
lation is necessary to account for the dynamics of γ-
andW -exchange, respectively. The one-photon-exchange
amplitude for electron scattering off a confined quark-
antiquark pair is derived in Sec. II B, the one-W -exchange
amplitude for the semileptonic decay of a confined quark-
antiquark state into another (confined) quark-antiquark
state in Sec. II C. Since these amplitudes have the
usual structure, namely lepton current contracted with
hadron current times gauge-boson propagator, it is easy
to identify the electromagnetic and weak hadron cur-
rents. This is explicitly done for pseudoscalar mesons
and pseodscalar-to-pseudoscalar as well as pseudoscalar-
to-vector transitions assuming that the mesons are pure
s-wave. The Lorentz-structure of the resulting electro-
magnetic and weak currents is then analyzed in Sec. III.
As a result of this analysis we obtain the electroweak form
factors. Section III A contains also a short discussion of
cluster problems, connected with the Bakamjian-Thomas
construction, and their effect on the electromagnetic cur-
rent. The limit of heavy-quark mass going to infinity
is investigated in Sec. IV. The precise definition of the
“heavy-quark limit” is introduced and it is proved that
the heavy-quark limit of the electromagnetic and weak
from factors yields a single universal function, the Isgur-
Wise function. Model calculations of the electromagnetic
D+ and B− form factors and weak B → D(∗) decay form
factors for physical masses of the heavy quarks are pre-
sented in Sec. V. These are contrasted with the Isgur-
Wise function to estimate heavy-quark-symmetry break-
ing effects due to finite masses of the heavy quarks. Our
summary and conclusions are finally given in Sec. VI.
II. COUPLED-CHANNEL FORMALISM
A. Prerequisites
In the point-form version of the Bakamjian-Thomas
construction the 4-momentum operator for an interacting
few-body system is written as a product of an interaction-
dependent mass operator times a free 4-velocity opera-
tor [3],
Pˆµ = Mˆ Vˆ µfree = (Mˆfree + Mˆint) Vˆ
µ
free . (1)
Relativistic invariance holds if the interaction term Mˆint
is a Lorentz scalar and commutes with Vˆ µfree. Equation (1)
implies that the overall velocity of the system can be
easily separated from the internal motion and one can
concentrate on studying the mass operator Mˆ which is a
function of the internal variables only.
In this type of approach the operators of inter-
est are most conveniently represented in a velocity-
state basis [26]. An n-particle velocity state
|v;~k1, µ1;~k2, µ2; . . . ;~kn, µn〉 is just a multiparticle mo-
mentum state in the rest frame that is boosted to overall
4-velocity v (vµv
µ = 1) by means of a canonical spin
3boost Bc(v) [3]:
|v;~k1, µ1;~k2, µ2; . . . ;~kn, µn〉 (2)
:= UˆBc(v) |~k1, µ1;~k2, µ2; . . . ;~kn, µn〉 with
n∑
i=1
~ki = 0 .
The µis are the spin projections of the individual parti-
cles. By construction one of the ~kis is redundant. Veloc-
ity states are orthogonal
〈v′;~k′1, µ′1;~k′2, µ′2; . . . ;~k′n, µ′n| v;~k1, µ1;~k2, µ2; . . . ;~kn, µn〉
= v0 δ
3(~v′ − ~v) (2π)
32ωkn
(
∑n
i=1 ωki)
3
×
(
n−1∏
i=1
(2π)32ωkiδ
3(~k′i − ~ki)
)(
n∏
i=1
δµ′
i
µi
)
(3)
and satisfy the completeness relation
11,2,...,n =
j1∑
µ1=−j1
j2∑
µ2=−j2
· · ·
jn∑
µn=−jn
∫
d3v
(2π)3v0
×
[
n−1∏
i=1
d3ki
(2π)32ωki
]
(
∑n
i=1 ωki)
3
2ωkn
×|v;~k1, µ1;~k2, µ2; . . . ;~kn, µn〉
×〈v;~k1, µ1;~k2, µ2; . . . ;~kn, µn| , (4)
with mi, ωki :=
√
m2i +
~k2i , and ji, being the mass, the
energy, and the spin of the ith particle, respectively.
Without loss of generality we have taken the nth mo-
mentum to be redundant.
One of the big advantages of velocity states as compared with usual momentum states is their simple behavior
under a Lorentz transformation Λ:
UˆΛ|v;~k1, µ1;~k2, µ2; . . . ;~kn, µn〉
=
∑
µ′1,µ
′
2,...,µ
′
n
{
n∏
i=1
Djiµ′iµi
[RW(v,Λ)]
}
|Λv;−−−−−−−→RW(v,Λ)k1, µ′1;
−−−−−−−→
RW(v,Λ)k2, µ
′
2; . . . ;
−−−−−−−→
RW(v,Λ)kn, µ
′
n〉 , (5)
with the Wigner-rotation matrix
RW(v,Λ) = B
−1
c (Λv)ΛBc(v) . (6)
Since the Wigner rotations are the same for all parti-
cles angular momenta can be added as in non-relativistic
quantum mechanics. In a velocity-state basis the
Bakamjian-Thomas type 4-momentum operator, Eq. (1),
is diagonal in the 4-velocity v.
B. Electron-meson scattering
We extract the electromagnetic meson current and
the corresponding form factors from the invariant one-
photon-exchange amplitude for electron-meson scatter-
ing. This requires to take the dynamics of the exchanged
photon fully into account. Hence we formulate the scat-
tering of an electron by a (composite) meson on a Hilbert
space that is a direct sum of eQq¯ and eQq¯γ Hilbert
spaces. If the eigenstates |ψ〉 of the total mass operator
Mˆ are decomposed into eQq¯ and eQq¯γ components, i.e.
|ψ〉 = |ψeQq¯〉+ |ψeQq¯γ〉, the mass-eigenvalue equations for
these components may be written in the form:(
Mˆ confeQq¯ Kˆγ
Kˆ†γ Mˆ
conf
eQq¯γ
)( |ψeQq¯〉
|ψeQq¯γ〉
)
= m
( |ψeQq¯〉
|ψeQq¯γ〉
)
. (7)
Kˆ†γ and Kˆγ are vertex operators that describe the emis-
sion and absorption of a photon by the electron or
(anti)quark. Without loss of generality we have assumed
that the quark Q (= c, b) is the heavy and the antiquark
q¯ (= u¯, d¯, s¯) the light mesonic constituent, respectively.
The instantaneous confining interaction between quark
and antiquark is already included in the diagonal ele-
ments of this matrix mass operator, i.e.
Mˆ confeQq¯ = MˆeQq¯ + Vˆ
(3)
conf ,
Mˆ confeQq¯γ = MˆeQq¯γ + Vˆ
(4)
conf , (8)
with Vˆ
(3)
conf and Vˆ
(4)
conf denoting the embedding of the con-
fining Qq¯-potential into the 3- and 4-particle Hilbert
spaces [3].
The invariant one-photon exchange amplitude for
electron-meson scattering is now obtained by taking
appropriate matrix elements of the optical potential
Vˆopt(m) that enters the equation for |ψeQq¯〉 after a Fesh-
bach reduction:
(Mˆ confeQq¯ + Kˆγ(m− Mˆ confeQq¯γ)−1Kˆ†γ︸ ︷︷ ︸
Vˆopt(m)
)|ψeQq¯〉 = |ψeQq¯〉 . (9)
What we need are matrix elements of the optical poten-
tial Vˆopt(m) between (velocity) eigenstates of the channel
mass operator
M confeQq¯ | v;~ke, µe;~kα, µα, α〉
= (ωke + ωkα)| v;~ke, µe;~kα, µα, α〉 . (10)
4µ
α
denotes the spin orientation of the confined qq¯ bound
state, α is a shorthand notation for the remaining dis-
crete quantum numbers necessary to specify it uniquely.
The energy of the Qq¯ bound state with quantum num-
bers α and mass mα is ωkα = (m
2
α +
~k
2
α)
1/2. Eigenstates
of M confeQq¯γ are introduced in an analogous way. Later on
we will also need (velocity) eigenstates of the free mass
operators MeQq¯ and MeQq¯γ . To make a clear distinction
between states with a confined Qq¯ pair from those with
a free Qq¯ pair we underline velocities, momenta and spin
projections for the former. For the calculation of elec-
tromagnetic meson form factors only on-shell matrix ele-
ments of Vˆopt(m) are required with the discrete quantum
numbers α being those of the meson of interest. The
further analysis of these on-shell matrix elements is ac-
complished by inserting completeness relations for the
eigenstates of M confeQq¯γ , MeQq¯ and MeQq¯γ at the appropri-
ate places:
〈v′;~k′e, µ′e;~k
′
α, µ
′
α
, α| Vˆopt(m)| v;~ke, µe;~kα, µα, α〉os
= 〈v′;~k′e, µ′e;~k
′
α, µ
′
α
, α|1eQq¯ Kˆγ1eQq¯γ
(
Mˆ confeQq¯γ−m
)−1
×1confeQq¯γ1eQq¯γ Kˆ†γ1eQq¯ | v;~ke, µe;~kα, µα, α〉os .
(11)
“os” means on-shell, i.e. m = ωke + ωkα = ωk′e + ωk′α ,
ωke = ωk′e and ωkα = ωk′α . After insertion of the
completeness relations one ends up with matrix elements
of the form 〈v;~ke, µe;~kQ, µQ;~kq¯, µq¯| v;~ke, µe;~kα, µα, α〉,
〈v;~ke, µe;~kQ, µQ;~kq¯, µq¯;~kγ , µγ | v;~ke, µe;~kα, µα, α;~kγ , µγ〉,
〈v′;~k′e,µ′e;~k′Q,µ′Q;~k′q¯,µ′q¯;~k′γ ,µ′γ | Kˆ† |v ;~ke,µe;~kQ,µQ;~kq¯,µq¯〉
and the Hermitian conjugates, respectively. The first
two are just wave functions of the confined Qq¯ pair
and a free electron (and photon). The third describes
the transition from a free Qq¯e state to a free Qq¯eγ
state by emission of a photon and is calculated from
the usual interaction density Lemint(x) of spinor quantum
electrodynamics [27]:
〈v′;~k′e,µ′e;~k′Q,µ′Q;~k′q¯,µ′q¯;~k′γ ,µ′γ | Kˆ† |v ;~ke,µe;~kQ,µQ;~kq¯,µq¯〉
= Nv0δ
3(~v′ − ~v) 〈~k′e,µ′e;~k′Q,µ′Q;~k′q¯,µ′q¯;~k′γ ,µ′γ |
×Lˆemint(0) |~ke,µe;~kQ,µQ;~kq¯,µq¯〉 . (12)
The normalization factor N is determined by the normal-
ization of the velocity states. Explicit expressions for all
the matrix elements are given in Ref. [24]. Using these
analytical results we can show that the on-shell matrix
elements of the optical potential have the structure that
one expects from the invariant one-photon-exchange am-
plitude, namely the electron current jµe contracted with
the hadron current J˜ν[α] and multiplied with the covariant
photon propagator (−gµν/Q2) (times some kinematical
factors):
〈v′;~k′e, µ′e;~k
′
α, µ
′
α
, α| Vˆopt(m)| v;~ke, µe;~kα, µ
′
α
, α〉os
= v0δ
3(~v ′ − ~v ) (2π)
3√
(ωk′e + ωk′α)
3
√
(ωke + ωkα)
3
(−e2) u¯µ′
e
(~k
′
e)γ
µuµ
e
(~ke)︸ ︷︷ ︸
jµe (~k
′
e,µ
′
e
;~ke,µe)
(−gµν)
Q2
(QQJ
ν
Q(. . . ) +Qq¯J
ν
q¯ (. . . ))︸ ︷︷ ︸
J˜ν
[α]
(~k
′
α,µ
′
α
;~kα,µα
)
.(13)
Here we have introduced the (negative) square of the (space-like) 4-momentum-transfer Q2 = −q
µ
qµ, with qµ =
(kα− k′α)µ = (k′e− ke)µ. e, QQ| e| and Qq¯| e| denote the electric charges of the electron, the quark and the antiquark,
respectively. We want to emphasize that the kinematical factor in front of Eq. (13) and thus the normalization of
the meson current J˜ν[α] is uniquely fixed. It must be identical with the one that comes out if the optical potential is
derived in an analogous way for the scattering of an electron by a point-like meson with discrete quantum numbers
α (see Refs. [24, 25]). Since the point-like current is known this kinematical factor can be uniquely identified. The
two parts of the meson current, JνQ and J
ν
q¯ , correspond to the coupling of the photon to the quark or the antiquark,
respectively. If α are the discrete quantum numbers of a pseudoscalar ground-state meson (µ
α
= µ′
α
= 0) it has to be
a pure s-wave and we find that
JνQ(
~k
′
α,
~kα) =
√
ωkαωk′α
4π
∫
d3k˜′q¯
2ωkQ
√
ωkQ + ωkq¯
ωk′
Q
+ ωk′q¯
√√√√ωk˜′Q + ωk˜′q¯
ωk˜Q + ωk˜q¯
√
ωk˜Qωk˜q¯
ωk˜′
Q
ωk˜′q¯
{ ∑
µQ,µ′Q=± 12
u¯µ′
Q
(~k′Q) γ
ν uµQ(
~kQ) (14)
×D1/2µQµ′Q
[
RW
(
k˜Q
mQ
, Bc(vQq¯)
)
R−1W
(
k˜q¯
mq¯
, Bc(vQq¯)
)
RW
(
k˜′q¯
mq¯
, Bc(v
′
Qq¯)
)
R−1W
(
k˜′Q
mQ
, Bc(v
′
Qq¯)
)]}
ψ∗ (|~˜k′q¯|)ψ (|~˜kq¯|) .
The corresponding expression for Jνq¯ is obtained by inter- changing Q and q¯ in Eq. (14). The quantities with a tilde
5are defined in the rest frame of the Qq¯ subsystem. The
s-wave bound-state wave function ψ(κ) is also defined in
this frame and normalized according to∫ ∞
0
dκκ2 ψ∗(κ)ψ(κ) = 1 . (15)
The transformation between the Qq¯ rest frame and the
Qq¯e rest frame is accomplished by means of a canonical
spin boost [3]
Bc(v) =
(
v0 vT
v 1+ v
0−1
v
2 vv
T
)
(16)
with
v = vQq¯ =
kQ + kq¯
mQq¯
(17)
and
mQq¯ = ωk˜Q + ωk˜q¯ =
√
(ωkQ + ωkq¯ )
2 − (~kQ + ~kq¯)2 (18)
denoting the invariant mass of the (unbound) Qq¯ pair.
Here it is useful to note that, due to our center-of-mass
kinematics, ~ke+~kQ+~kq¯ = ~ke+~kα = 0 and hence
~kQ+~kq¯ =
~kα such that ~vQq¯ =
~kα/mQq¯. Analogous relations hold
for v′Qq¯ and the primed momenta. This implies further
that not all of the 4-momentum that is transferred via
the photon to the Qq¯ bound state is also transferred to
the active constituent. Only the 3-momentum transfer
is the same. For the quark being the active particle we
have, e.g., ~q = ~kα−~k
′
α =
~kQ−~k′Q =: ~qquark. On the other
hand one has ωkα = ωk′α and hence q
0 = 0, whereas, in
general, q0quark := ωkQ − ωk′Q 6= 0. If the photon couples
to the quark, the spectator condition kq¯ = k
′
q¯ for the
antiquark implies the relation:
k˜q¯ = B
−1
c (vQq¯) kq¯ = B
−1
c (vQq¯) k
′
q¯
= B−1c (vQq¯)Bc(v
′
Qq¯)k˜
′
q¯ . (19)
The 4-momenta k˜
(′)
Q for the active quark are then
uniquely determined by ~˜k
(′)
Q = −~˜k(′)q¯ . Associated with the
boosts that connect incoming and outgoing wave func-
tions are Wigner rotations of the quark and antiquark
spins. The corresponding Wigner D functions can be
combined to the single one showing up in Eq. (14) by
means of the spectator conditions and the Clebsch coef-
ficients that couple the quark and the antiquark spins to
zero meson spin (see, e.g., Ref. [25]).
Having obtained the microscopic expression for the
electromagnetic meson current J˜ν[α] (cf. Eqs. (13) and
(14)), we will show in the sequel how the derivation of the
weak current, as occurring in semileptonic meson decays,
is accomplished within our relativistic coupled-channel
framework.
C. Semileptonic meson decay
In order to get the full (leading-order) invariant am-
plitude for the semileptonic weak decay of a heavy-light
meson α into another heavy-light meson α′ one needs at
least 4 channels. This can be seen immediately, if one
decomposes this amplitude into its time-ordered contri-
butions. This decomposition is depicted in Fig. 1 for the
B¯0 → D(∗)+eν¯e decay on which we will concentrate in
the following. In addition to the incoming bd¯ channel
and the outgoing cd¯eν¯e channel one needs a cd¯W and a
bd¯Weν¯e channel to account for the intermediate states in
which the W -boson is in flight. The matrix mass opera-
tor acting on all these channels has the form


Mˆ conf
bd¯
0 Kˆcd¯W→bd¯ Kˆbd¯Weν¯e→bd¯
0 Mˆ conf
cd¯eν¯e
Kˆcd¯W→cd¯eν¯e Kˆbd¯Weν¯e→cd¯eν¯e
Kˆ†
cd¯W→bd¯ Kˆ
†
cd¯W→cd¯eν¯e Mˆ
conf
cd¯W
0
Kˆ†
bd¯Weν¯e→bd¯ Kˆ
†
bd¯Weν¯e→cd¯eν¯e 0 Mˆ
conf
bd¯Weν¯e

 . (20)
As in the electromagnetic case an instantaneous confining potential between the quark-antiquark pair is included in
the channel mass operators on the diagonal. What we are interested in is the transition from the bd¯ to the cd¯eν¯e
channel. As can be seen from Eq. (20) this cannot happen directly. It only works via the intermediate states that
contain the W . The corresponding (optical) transition potential Vˆ bd¯→cd¯eν¯eopt (m) may be again obtained by applying
a Feshbach reduction to eliminate the cd¯W and the bd¯Weν¯e channels such that one ends up with a mass eigenvalue
problem for the (coupled) bd¯ and cd¯eν¯e system. The transition potential has then the form
Vˆ bd¯→cd¯eν¯eopt (m) = Kˆcd¯W→cd¯eν¯e(m−M confcd¯W )−1Kˆ†cd¯W→bd¯ + Kˆbd¯Weν¯e→cd¯eν¯e(m− Mˆ confbd¯Weν¯e )−1Kˆ
†
bd¯Weν¯e→bd¯ . (21)
The two terms on the right-hand side correspond to the
two time-orderings of the W exchange that are depicted
in Fig. 1.
6FIG. 1: The two time ordered contributions to the semilep-
tonic weak decay of a B¯0 into a D(∗)+ meson.
Like in the electromagnetic case the weak hadronic cur-
rent and the B → D(∗) decay form factors are extracted
from on-shell matrix elements of Vˆ bd¯→cd¯eν¯eopt (m), i.e. from
〈v′;~k′e, µ′e;~k
′
ν¯e ;
~k
′
α′ , µ
′
α′
, α′|Vˆ bd¯→cd¯eν¯eopt (m)|~kα, µα, α〉os ,
(22)
where the discrete quantum numbers α and α′ of the con-
fined heavy-light system are those of the B and D(∗), re-
spectively. “On shell”means now that m = mB = ωkα =
ωk′
α′
+ ωk′e + ωk′ν¯e . For the analysis of these matrix el-
ements we can proceed as in the electromagnetic case.
One has to insert the appropriate completeness relations
at the pertinent places. This leads again to wave func-
tions for the confined Q(′)q¯ pair in combination with a
free W and/or a free e-ν¯e pair. The matrix elements of
the weak vertex operators Kˆcd¯W→bd¯, etc., can be derived
from the weak interaction density Lwkint(x) in analogy to
Eq. (12). After insertion of the analytical expressions for
the wave functions and the vertex matrix elements into
Eq. (22) we observe again that the on-shell matrix el-
ements of V bd¯→cd¯eν¯eopt (m) have the same structure as the
invariantB → D(∗)eν¯e decay amplitude that results from
leading-order covariant perturbation theory:
〈v′;~k′e, µ′e;~k
′
ν¯e ;
~k
′
α′ , µ
′
α′
, α′|Vˆ bd¯→cd¯eν¯eopt (m)|~kα, µα, α〉os
= v0δ
3(~v ′ − ~v ) (2π)
3√
(ωk′e + ωk′ν¯e + ωk
′
α′
)3
√
ω3kα
× e
2
2 sin2 ϑw
Vcb
1
2
u¯µ′
e
(~k
′
e)γ
µ(1− γ5)vµ′
ν¯e
(~k
′
ν¯e)︸ ︷︷ ︸
jµνe→e(
~k
′
e,µ
′
e
;~k
′
ν¯e
,µ′
ν¯e
)
(23)
× (−gµν)
(k′e + k
′
ν¯e)
2 −m2W
1
2
Jνα→α′(~k
′
α′ , µ
′
α′
;~kα, µα) .
Here ϑw denotes the electroweak mixing angle and e
the usual elementary electric charge and Vcb is the CKM
matrix element occurring at the Wbc-vertex. Like in the
electromagnetic case the kinematical factor in front and
hence the normalization of the weak hadronic transition
current Jνα→α′ is uniquely fixed. The only difference be-
tween the two time orderings contributing to the decay
amplitude comes from the propagator in the intermedi-
ate state. Summing the two propagators (and dividing by
2ωkW ) leads to the covariant W propagator that occurs
in Eq. (23).
Let now α be the quantum numbers of a B meson and
α′ those of a D meson. Since B and D have to be pure
s-wave the weak transition current becomes
JνB→D(~k
′
D;
~kB = ~0) =
√
ωkBωk′D
4π
∫
d3k˜′q¯
2ωkb
√
ωk˜′c
+ ωk˜′q¯
ωk′c + ωk′q¯
√
ωk˜bωk˜q¯
ωk˜′c
ωk˜′q¯
{ ∑
µb,µ′c=± 12
q¯µ′c(
~k′c) γ
ν (1− γ5)uµb(~kb)
×D1/2µbµ′c
[
RW
(
k˜′q¯
mq¯
, Bc(v
′
cq¯)
)
R−1W
(
k˜′c
mc
, Bc(v
′
cq¯)
)]}
ψ∗D (|~˜k′q¯|)ψB (|~˜kq¯|) . (24)
ψB as well as ψD (and in the following ψD∗) are normalized like in Eq. (15). The primed constituents’ momenta are
related by k′c = Bc(v
′
cq¯)k˜
′
c, k
′
q¯ = Bc(v
′
cq¯)k˜
′
q¯, where
~˜
k′q¯ = −~˜k′c and ~v′cq¯ = ~k
′
D/(ωk˜′c
+ ωk˜′q¯ ). Since the B meson is at rest
and the antiquark obeys a spectator condition the unprimed momenta are then given by ~kq¯ =
~˜
kq¯ = −~˜kb = −~kb = ~k′q¯.
If α′ are the quantum numbers of aD∗ meson one has a pseudoscalar to vector transition. For such a transition both,
the vector and axial-vector part of the weak current contribute. For B and D∗ being again pure s-wave (neglecting
possible d-wave contributions in D∗) the weak transition current differs then from the one in Eq. (24) mainly by
Wigner D functions and Clebsch Gordans:
JνB→D∗(~k
′
D∗ , µ
′
D∗
;~kB = ~0) =
√ωkBωk′D∗
4π
∫
d3k˜′q¯
2ωkb
√
ωk˜′c
+ ωk˜′q¯
ωk′c + ωk′q¯
√
ωk˜bωk˜q¯
ωk˜′c
ωk˜′q¯
{ ∑
µb,µ′c,µ˜
′
c,µ˜
′
q¯=± 12
q¯µ′c(
~k′c) γ
ν (1− γ5)uµb(~kb)
×
√
2(−1) 12−µbC1µ
′
D∗
1
2 µ˜
′
c
1
2 µ˜
′
q¯
D
1/2
µ˜′cµ
′
c
[
R−1W
(
k˜′c
mc
, Bc(v
′
cq¯)
)]
D
1/2
µ˜′q¯−µb
[
R−1W
(
k˜′q¯
mq¯
, B−1c (v
′
cq¯)
)]}
ψ∗D∗ (|~˜k′q¯ |)ψB (|~˜kq¯|) . (25)
The next step will be to analyze the covariant structure
of the microscopic meson (transition) currents (14), (24)
and (25) and to identify the electromagnetic and weak
7form factors.
III. CURRENTS AND FORM FACTORS
A. Electromagnetic form factor
Before we are going to extract the electromagnetic
form factor for a pseudoscalar heavy-light meson we no-
tice that the electromagnetic current J˜ν[α](
~k
′
α;
~kα) which
we have derived in Eqs. (13) and (14) still does not trans-
form appropriately under Lorentz transformations. Since
we are using velocity states, ~kα and
~k
′
α are momenta de-
fined in the center of mass of the electron-meson system.
As a consequence J˜ν[α](
~k
′
α;
~kα) does not behave like a 4-
vector under a Lorentz transformation Λ. It rather trans-
forms by the Wigner rotation RW (v,Λ). Going, however,
back to the physical meson momenta p(′)
α
= Bc(v)k
(′)
α
gives a current with the desired transformation proper-
ties [24, 25]:
J˜ν[α](~p
′
α
;~p
α
) := [Bc(v)]
ν
ρJ˜
ρ
[α](
~k
′
α;
~kα) . (26)
J˜ν[α](~p
′
α
;~p
α
) transforms like a 4-vector and is a conserved
current, i.e. (p
α
− p′
α
)ν J˜
ν
[α](~p
′
α
;~p
α
) = 0 [24, 25]. If it
would be a perfect model for the electromagnetic current
of a pseudoscalar heavy-light meson it should be possible
to write it in the form
Jν[α](~p
′
α
;~p
α
) = (p
α
+ p′
α
)ν F (Q2) (27)
for arbitrary values of p
α
and p′
α
. This, however, does not
hold in our case. The reason is that our derivation of the
current makes use of the Bakamjian-Thomas construc-
tion which guarantees Poincare´ invariance, but is known
to cause problems with cluster separability [3]. As a con-
sequence of wrong cluster properties the hadronic current
we get may also depend on the electron momenta. We
find indeed that J˜ν[α](~p
′
α
;~p
α
) cannot be expressed in terms
of hadronic covariants only, but one needs one additional
(current conserving) covariant, which is the sum of in-
coming and outgoing electron momenta:
J˜ν[α](~p
′
α
;~p
α
) = (p
α
+ p′
α
)ν f(Q2, s)
+(p
e
+ p′
e
)ν g(Q2, s) . (28)
This decomposition is valid in any inertial frame. The
problems with cluster separability do not only modify
the covariant structure of the current, they also affect
the form factors associated with the covariants. As we
have indicated in the notation, these form factors do not
only depend on the squared 4-momentum transfer at the
photon-meson vertex Q2 = −(p
α
−p′
α
)2 but also on Man-
delstam s = (p
e
+ p
α
)2, i.e. the square of the invariant
mass of the electron-meson system.
The necessity of non-physical covariants and corre-
sponding spurious form factors in our approach resem-
bles the occurrence of analogous contributions within the
covariant light-front formulation of Carbonell et al. [14].
Whereas our unphysical covariant, the sum of the incom-
ing and outgoing electron 4-momenta (p
e
+p′
e
), is caused
by wrong cluster properties inherent in the Bakamjian-
Thomas construction, their unphysical covariant is pro-
portial to a 4-vector ω. ω specifies the orientation of
the light front and has to be introduced to render the
front-form approach manifestly covariant.
The size of cluster-separability-violating effects can be
studied numerically. To this end (and also for later pur-
poses) we take a simple harmonic-oscillator wave function
ψ(κ) =
2
π
1
4 a
3
2
exp
(
− κ
2
2a2
)
. (29)
For further comparison we have chosen the oscillator pa-
rameter as well as the constituent-quark masses to be the
same as in Ref. [13], where form factors of heavy light-
mesons were calculated within the front-form approach.
For all heavy-light mesons, which we will consider in the
following, the oscillator parameter is a = 0.55 GeV. The
constituent-quark masses are mu = md = 0.25 GeV,
mc = 1.6 GeV and mb = 4.8 GeV, respectively. Since
our form factors are only functions of Lorentz invari-
ants they can be extracted in any inertial frame.1 We
choose a center-of-momentum frame in which ~v = ~0, i.e.
~p(′)
α
= ~k
(′)
α , with
~kα = −~ke =

 −
Q
2
0√
κ2α − Q
2
4

 and ~q =

 −Q0
0

 ,
(30)
where κα = |~kα| = |~k
′
α|. In this parametrization the
modulus of the CM momentum is subject to the con-
straint that κ2α ≥ Q2/4, which means that s ≥ m2α +
m2e+Q
2/2+2
√
m2α +Q
2/4
√
m2e +Q
2/4. The only non-
vanishing components of J˜ν[α] in this frame are J˜
0
[α] and
J˜3[α] from which we can extract the form factors f(Q
2, s)
and g(Q2, s) by means of Eq. (28) inserting our micro-
scopic expression, Eqs. (13) and (14), for J˜ν[α] on the left-
hand side.
The Mandelstam-s dependence of these form factors
for a few values of the momentum transfer Q2 is plotted
in Fig. 2 for D+ and B− mesons, respectively. What we
observe is that the spurious form factor g(Q2, s) goes to
zero for s→ ∞ and that the s-dependence of the physi-
cal form factor f(Q2, s) vanishes with increasing s. It is
1 There is one exception, namely the Breit frame. This frame
corresponds to backward scattering in the electron-meson CM
system. In this frame the two covariants become proportional
and the form factors cannot be uniquely separated
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FIG. 2: (Color online) Mandelstam-s dependence of the physical and spurious D+ (first row) and B− (second row) electro-
magnetic form factors f(Q2, s) and g(Q2, s), respectively, for different values of Q2 (0 GeV2 solid, 0.1 GeV2 dashed, 1 GeV2
dotted) calculated with the oscillator wave function, Eq. (29), and (mass) parameters given in the sequel.
therefore suggestive to take the s→∞ limit to get rid of
cluster-separability violating effects and obtain sensible
results for the physical form factors. Taking the s → ∞
limit means that one extracts the form factor in the infi-
nite momentum frame of the meson. Not surprisingly, for
light-light systems the resulting analytical expression for
the electromagnetic form factor of a pseudoscalar meson
is then seen to be equivalent with the usual front-form
result, obtained from a one-body current in the q+ = 0
frame [24]. For heavy-light systems the situation becomes
more intricate. Looking more closely at the form factors
for D+ and B− (cf. Fig. 2) we observe that the rate of
convergence to the s→∞ limit decreases with increasing
heavy-quark mass. In order to extract sensible results for
the Isgur-Wise function one thus has to be very careful
when taking the heavy-quark limit mQ →∞.
B. Decay form factors
1. P → P transition
As in the electromagnetic case a weak pseudoscalar-to-
pseudoscalar transition current with the correct transfor-
mation properties under Lorentz transformations is ob-
tained from Eq. (24) by applying the canonical boost
Bc(v) that connects physical momenta with CM mo-
menta:
JνB→D(~p
′
D
;~p
B
) := [Bc(v)]
ν
ρJ
ρ
B→D(~k
′
D;
~kB) . (31)
An appropriate covariant decomposition of this 4-vector
current which holds for arbitrary values of ~p
B
and ~p′
D
takes on the form [28]
JνB→D(~p
′
D
;~p
B
)
=
(
(p
B
+ p′
D
)ν − m
2
B −m2D
q2
qν
)
F1(q
2)
+
m2B −m2D
q2
qνF0(q
2) , (32)
with the time-like 4-momentum transfer q = (p
B
− p
D
).
Unlike the electromagnetic case wrong cluster proper-
ties of the Bakamjian-Thomas construction do not en-
tail unphysical properties of the weak decay current
JνB→D(~p
′
D
;~p
B
) if the microscopic expression, Eq. (24),
is inserted on the right-hand-side of Eq. (31). One nei-
ther needs additional unphysical covariants to span the
4-vector JνB→D, nor do the form factors exhibit a depen-
dence on Lorentz invariants different q2.2
2 One could think of two additional unphysical covariants (a vector
and an axial-vector) constructed with the 4-vector (ke−kν¯e ) and
9The finding that wrong cluster properties of the
Bakamjian-Thomas construction do not have obvious
physical consequences for the weak decay current JνB→D,
whereas they lead to unphysical features of the electro-
magnetic current J˜ν[α], has essentially three reasons:
i) Only the final state of the decay process is affected
by wrong cluster properties, since the initial state is
just the confined quark-antiquark pair with no ad-
ditional particle present. In electron scattering off a
bound system the presence of the electron modifies
the bound-state wave function in both, the initial
and the final states.
ii) There is no constraint from current conservation for
the decay current JνB→D such that both 4-vectors,
(p
B
+p′
D
) and q = (p
B
−p′
D
), can be used to express
the decay current (cf. Eq. (32)). As it turns out,
this suffices. The electromagnetic current J˜ν[α], on
the other hand, is conserved. It thus cannot have
a component into the direction of the momentum
transfer (p
α
− p′
α
), but is also not just proportional
to (p
α
+ p′
α
) alone. Therefore one is forced to in-
troduce the unphysical covariant (p
e
+ p′
e
).
iii) Both, the electromagnetic and the weak form fac-
tors are functions of |~q|, the modulus of the 3-
momentum transfer between the meson in the in-
coming and outgoing state. Since form factors are
frame independent quantities it should be possible
to express |~q| in terms of Lorentz-invariant quanti-
ties. In the case of the weak decay |~q|2 and q
µ
qµ are
directly related (see below). In the case of electron
scattering one needs in general Mandelstam s and
t = q
µ
qµ to express |~q|2. This is the reason why
the weak form factors can be written as functions
of q
µ
qµ only, whereas the electromagnetic form fac-
tors exhibit an additional (unphysical) dependence
on Mandelstam s.
The observation that JνB→D does not exhibit unphysical
features does not necessarily mean that there are no prob-
lems with wrong cluster properties within our approach
in the decay process. As mentioned above wrong clus-
ter properties could still affect the wave function of the
final state. But, unlike the electromagnetic case, there
is no simple way to separate corresponding contributions
in the decay current.3 The emergence of heavy-quark
symmetry, which relates electromagnetic and weak de-
cay form factors, however, will let us conclude that such
wrong cluster properties become negligible in the heavy-
quark limit.
an additional dependence of the form factors on (ke + kD)
2.
3 Formally, cluster separability can be restored by means of pack-
ing operators [3]. Practically such packing operators are hard to
construct, in particular for a multichannel mass operator.
Equation (32) is a general representation for the weak
decay current which holds in any inertial frame. A conve-
nient choice for the extraction of the decay form factors
F0(q
2) and F1(q
2) is the CM frame (~v = ~0) in which
kB =


mB
0
0
0

 and k′D =


√
m2D + κ
2
D
κD
0
0

 (33)
with
κ2D =
1
4m2B
(m2B +m
2
D − q2)2 −m2D . (34)
The modulus of the D meson CM momentum κD =
|~k′D| is thus restricted by 0 ≤ κ2D ≤ (m2B −m2D)2/(4m2B).
As in the electromagnetic case the momentum is trans-
ferred in x-direction. The allowed values of the 4-
momentum transfer squared are
0 ≤ q2 ≤ (mB −mD)2 . (35)
The ν = 2, 3 components of the weak transition current
JνB→D vanish in this kinematics. As it should be, the non-
zero ν = 0, 1 components of JνB→D are solely determined
by the vector part (∝ γν) of the Wbc-vertex. The axial-
vector part (∝ γνγ5) of the vertex does not contribute
to the B → D transition. The form factors F0(q2) and
F1(q
2) can be determined uniquely by projecting onto
the corresponding 4-vectors:
F0(q
2) =
1
m2B −m2D
q
ν
JνB→D(~k
′
D;
~kB) , (36)
F1(q
2) = − q
2
4m2Bm
2
D

(m2B +m2D − q2
2mBmD
)2
− 1

−1(37)
×
(
(p
B
+ p′
D
)ν − m
2
B −m2D
q2
q
ν
)
JνB→D(~k
′
D;
~kB) .
The constraint F0(0) = F1(0), that eliminates the spuri-
ous pole at q2 = 0, is automatically satisfied for the form
factors calculated from our transition current, Eq. (24).
2. P → V transition
The weak pseudoscalar-to-vector transition current
with the correct transformation properties under Lorentz
transformations is obtained from Eq. (25) by applying
again the canonical boost Bc(v) that connects physical
momenta with CM momenta. Linked with this boost is
a Wigner rotation of the vector-meson spin:
JνB→D∗(~p
′
D∗
, σ′D∗ ;~pB) := [Bc(v)]
ν
ρJ
ρ
B→D∗(~k
′
D∗ , µ
′
D∗
;~kB)
×D1∗µ′
D∗
σ′
D∗
[
R−1W
(
k′D∗/mD∗ , Bc(v)
)]
.
(38)
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A common covariant decomposition of this 4-vector cur-
rent has the form [28]
JνB→D∗(~p
′
D∗
, σ′D∗ ;~pB)
=
2iǫνµρσ
mB +mD∗
ǫ∗µ(~p
′
D∗
, σ′D∗) p
′
D∗ρ
p
Bσ
V (q2)
−(mB +mD∗) ǫ∗ν(~p′D∗ , σ
′
D∗)A1(q
2)
+
ǫ∗(~p′
D∗
, σ′D∗) · q
mB +mD∗
(p
B
+ p′
D∗
)ν A2(q
2)
+2mD∗
ǫ∗(~p′
D∗
, σ′D∗) · q
q2
qν A3(q
2)
−2mD∗
ǫ∗(~p′
D∗
, σ′D∗) · q
q2
qν A0(q
2) , (39)
with ǫ∗(~p′
D∗
, σ′D∗) being the polarization 4-vector of the
D∗ meson and A3(q2) the linear combination
A3(q
2) =
mB +mD∗
2mD∗
A1(q
2)−mB −mD∗
2mD∗
A2(q
2) . (40)
The constraint A3(0) = A0(0), that holds automatically
for the form factors calculated from our transition cur-
rent, Eq. (25), guarantees that there is no pole at q2 = 0.
As for the B → D transition wrong cluster properties of
the Bakamjian-Thomas construction do not lead to un-
physical features of the JνB→D∗ decay current. The vector
V (q2) and the axial-vector form factors Ai(q
2) are deter-
mined by the vector part (∝ γν) and the axial-vector
part (∝ γνγ5) of the Wbc-vertex, respectively.
Taking the same kinematics as for the B → D decay
(cf. Eq. (33)) the polarization vectors ǫ(~k
′
D∗ , µ
′
D∗
) are
given by:
ǫ(~k
′
D∗ ,±1) =
1√
2
(∓ κD∗
mD∗
,∓
√
1 + (
κD∗
mD∗
)2,−i, 0) ,
ǫ(~k
′
D∗ , 0) = (0, 0, 0, 1) . (41)
This kinematics leads to 10 non-vanishing current ma-
trix elements J2(0), J3(0), Jµ(±1), µ = 0, 1, 2, 3. Here
we have introduced the short-hand notation Jν(µ′
D∗
) :=
JνB→D∗(~k
′
D∗ , µ
′
D∗
;~kB). J
µ(1) and Jµ(−1) are related by
space reflection. We are thus left with 6 current ma-
trix elements with only 4 of them being independent.
The form factors A0 and A2 enter only J
0(1) and J1(1).
J2(0), J3(0), J0(1) and J1(1) constitute thus an appro-
priate set of current matrix elements from which all the
P → V decay form factors can be extracted. Instead of
solving the linear equations which relate the form factors
to the current matrix elements Jν(µ′
D∗
) we express the
form factors again in terms of appropriate projections:
V (q2) =
i(mB +mD∗)
2m2Bm
2
D∗

(m2B +m2D∗ − q2
2mBmD∗
)2
− 1

−1
×ǫµ(~k
′
D∗ , µ
′
D∗
= 0) k′D∗ρ kBσ
×ǫ µρσν JνB→D∗(~k
′
D∗ , µ
′
D∗
= 0;~kB) , (42)
A0(q
2) =
1√
2mBmD∗

(m2B +m2D∗ − q2
2mBmD∗
)2
− 1

−1/2
×q
ν
JνB→D∗(~k
′
D∗ , µ
′
D∗
= 1;~kB) , (43)
A1(q
2) =
1
mB +mD∗
ǫν(~k
′
D∗ , µ
′
D∗
= 0)
×JνB→D∗(~k
′
D∗ , µ
′
D∗
= 0;~kB) . (44)
The expression for A2(q
2) is a little bit more complicated:
A2(q
2) =
q2(mB +mD∗)
4m2Bm
2
D∗

(m2B +m2D∗ − q2
2mBmD∗
)2
− 1

−1
×
{√
2
mB

(m2B +m2D∗ − q2
2mBmD∗
)2
− 1

−1/2
×
(
(p
B
+ p′
D∗
)− m
2
B −m2D∗
q2
q
)
ν
× JνB→D∗(~k
′
D∗ , µ
′
D∗
= 1;~kB)
−
[
1− m
2
B −m2D∗
q2
]
ǫν(~k
′
D∗ , µ
′
D∗
= 0)
× JνB→D∗(~k
′
D∗ , µ
′
D∗
= 0;~kB)
}
.
(45)
Having derived analytical expressions for the electro-
magnetic and weak currents and form factors we are now
going to study their properties in the heavy-quark limit.
IV. THE HEAVY-QUARK LIMIT
In the heavy-quark limit the masses of the heavy
quarks and, consequently, the masses of the heavy
hadrons are sent to infinity. This leads to additional sym-
metries which will be discussed later. With the hadron
masses also their momenta go to infinity. What, how-
ever, stays finite is the product vα · v′α(′) of the hadron
4-velocities. One is then interested in the dependence
of form factors on the (finite) velocity product vα · v′α(′) .
Thus it makes more sense to characterize the state of a
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heavy hadron by its velocity rather than by its momen-
tum. To be more precise, the limit mQ → ∞ has to be
taken in such a way that
vα · v′α(′) =
kα · k′α(′)
mαmα(′)
(46)
stays constant. In this limit both, the binding energy
and the light-quark mass, become negligible, i.e.
mQ(′) = mα(′) and
mq
mQ(′)
= 0 for mQ(′) →∞ .
(47)
Furthermore it is assumed that the meson wave functions
do not depend on the flavor of the heavy quarks when
the masses of the heavy quarks go to infinity. This is our
precise definition of the “heavy-quark limit” (h.q.l.).
A. Space-like momentum transfer
Let us start with the heavy-quark limit of the elec-
tromagnetic pseudoscalar-meson current J˜ν[α](
~k
′
α;
~kα) (cf.
Eqs. (13) and (14)). The first step towards the heavy-
quark limit is to express the meson momenta and the
momenta of the heavy quarks in terms of velocities. To
this aim we note that
Q =
√
−(kα − k′α)2 = 2mα
√
vα · v′α − 1
2
=: 2mαu .
(48)
This means, in particular, that not only the heavy-quark
mass, but also the momentum transfer goes to infinity,
when taking the heavy-quark limit. As a consequence
J˜νq¯ (
~k
′
α;
~kα), the part of the current in which the momen-
tum is transferred to the light antiquark, vanishes. The
formal reason is that the wave-function overlap vanishes
(exponentially) when the light antiquark has to absorb an
infinite amount of momentum. It thus remains to inves-
tigate the heavy-quark limit of J˜νQ(
~k
′
α;
~kα), i.e. the part
of the current in which the momentum is transferred to
the heavy quark. Taking the parametrization of meson
momenta that has been defined in Eq. (30) and going
over to velocities we have:
kα = mα


√
1 + ν2α
−u
0√
ν2α − u2

 = mαvα ,
(49)
k′α = mα


√
1 + ν2α
u
0√
ν2α − u2

 = mαv′α ,
where να = |~vα| = |~v′α| and u is the shorthand notation
introduced in Eq. (48). The modulus of the 4-momentum
transfer squared Q2 = −qµqµ and our new variable vα ·v′α
are then related by
Q2 = 2m2α(vα · v′α − 1) (50)
which means that
vα · v′α ≥ 1
for elastic electron-meson scattering. Using now that
~k
(′)
α ,
~k
(′)
Q
h.q.l.−→ mα ~v (′)α ,
|~k (′)q¯ |
mQ
,
|~˜k (′)q¯ |
mQ
,
|~˜k (′)Q |
mQ
h.q.l.−→ 0 , and ~v (′)Qq¯
h.q.l.−→ ~v (′)α , (51)
the Wigner rotations of the heavy-quark spin become the identity in the heavy-quark limit and the kinematical factors
in the pseudoscalar meson current J˜νQ(
~k
′
α;
~kα) (cf. Eq. (14)) simplify considerably:
JνQ(
~k
′
α,
~kα)
h.q.l.−→ mαJ˜ν∞(~v′α,~vα) = mα
∫
d3k˜′q¯
4π
√
ωk˜q¯
ωk˜′q¯
{ ∑
µQ,µ′Q=± 12
q¯µ′
Q
(~v ′α) γ
ν uµQ(~vα) (52)
×1
2
D
1/2
µQµ′Q
[
R−1W
(
k˜q¯
mq¯
, Bc(vα)
)
RW
(
k˜′q¯
mq¯
, Bc(v
′
α)
)]}
ψ∗ (|~˜k′q¯|)ψ (|~˜kq¯|) .
One can see immediately that the integrand is indepen-
dent of the heavy quark mass. The only dependencies
showing up are those on the integration variables ~˜k ′q¯ and
on the meson velocities ~v (′)α . The term within the curly
brackets comes from the spin of the quarks. For spinless
quarks it would coincide with the pointlike current of the
pseudoscalar meson (vα+ v
′
α)
ν . Dropping this factor the
integral on the right-hand side of Eq. (52) would already
give the Isgur-Wise function for a scalar meson composed
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of spinless quarks. The general covariant structure of
J˜ν∞(~v
′
α,~vα) for spin-1/2 quarks follows from Eq. (28) by
expressing the momenta in terms of velocities
J˜ν∞(~v
′
α,~vα) = (vα + v
′
α)
ν f˜(vα · v′α, να)
+
me
mα
(ve + v
′
e)
ν g˜(vα · v′α, να) , (53)
where
me
mα
(ve + v
′
e) = 2(να, 0, 0,
√
ν2α − u2) . (54)
As it turns out and as it is indicated in Eq. (53)
J˜ν∞(~v
′
α,~vα) still does not have all the desired properties.
Effects of wrong cluster properties, that are inherent in
our approach, do not go away by taking the heavy-quark
limit. It is, in general, not possible to write J˜ν∞(~v
′
α,~vα)
as a product of the covariant (vα+ v
′
α)
ν times the Isgur-
Wise function ξ(vα · v′α). One rather needs a second co-
variant built from the electron velocities. In addition,
the form factors are not only functions of vα · v′α, but
exhibit also a dependence on the modulus of the me-
son velocities να. The latter dependence corresponds to
the Mandelstam-s dependence (να = (
√
s
mα
− mα√
s
)/2 with
s = m2α(vα +
me
mα
ve)
2) which we have already discussed
in Sec. III (cf. Fig. 2) for the case of finite heavy-quark
mass and which also occurs in light-light systems [24, 25].
The να-dependence of f˜(vα · v′α, να) and g˜(vα · v′α, να) is
displayed in Fig. 3 for different values of vα · v′α with the
wave function of the heavy-light system being the one
introduced in Eq. (29). One observes that both, the να-
dependence and the spurious form factor g˜(vα · v′α, να)
vanish rather quickly with increasing να. It is therefore
suggestive to identify the Isgur-Wise function ξ(vα · v′α)
with the να → ∞ limit of f˜(vα · v′α, να). In this limit
the unwanted να-dependence goes away and J˜
ν
∞(~v
′
α,~vα)
acquires the expected structure
J˜ν∞(~v
′
α,~vα)
να→∞−→ (vα + v′α)ν ξIF(vα · v′α) , (55)
with a simple analytical expression for the Isgur-Wise
function
ξIF(vα ·v′α) =
∫
d3k˜′q¯
4π
√
ωk˜q¯
ωk˜′q¯
SIF ψ∗ (|~˜k′q¯|)ψ (|~˜kq¯|) . (56)
Taking the limit να → ∞ means that the γ∗Mα → Mα
subprocess is considered in the infinite-momentum frame
of the meson Mα.
4 This is the reason why a subscript
“IF” is attached to the Isgur-Wise function and the spin-
rotation factor. The relation between ωk˜q¯ and ωk˜′q¯ (and
4 After having performed the heavy-quark limit the infinite-
momentum frame has to be understood as a frame in which
the 3-components of the incoming and outgoing meson veloci-
ties v
(′)3
α go to infinity.
hence between |~˜kq¯| and |~˜k′q¯|) follows from Eq. (19) and is
given by (2u2 = vα · v′α − 1)
ωk˜q¯ = 2k˜
′1
q¯ u+ 2k˜
′3
q¯ u
2 + ωk˜′q¯ (2u
2 + 1) . (57)
The spin-rotation factor SIF takes on the form
SIF =
mq¯ + ωk˜′q¯ + k˜
′1
q¯ u√
(mq¯ + ωk˜q¯ )(mq¯ + ωk˜′q¯ )
. (58)
In the infinite-momentum frame the meson moves with
large velocity in z-direction and the momentum is trans-
ferred in transverse direction. It is a special q+ = 0
frame, in which the plus component of the 4-momentum
transfer vanishes. Such frames are very popular for form-
factor studies in front-form [3, 11]. Another widely used
frame to analyze the γ∗Mα →Mα subprocess is the Breit
frame in which the energy-transfer between the meson in
the initial and the final states vanishes [4, 22]. This cor-
responds to elastic electron-meson backward scattering
in the (overall) center-of-momentum frame and is char-
acterized by the minimal meson momentum necessary for
reaching a particular momentum transferQ. In this sense
it is just the opposite situation to the infinite-momentum
frame, in which the meson momentum goes to infinity. In
our case the Breit frame is reached by taking the min-
imum value for να, i.e. ν
2
α = u
2 = (vα · v′α − 1)/2 (cf.
Eq. (49)). If this is done,
J˜ν∞(~v
′
α,~vα)
να→u−→ (vα + v′α)ν
{
f˜(vα · v′α, να = u)
+
√
vα · v′α − 1
vα · v′α + 1
g˜(vα · v′α, να = u)
}
=: (vα + v
′
α)
ν ξB(vα · v′α) (59)
and it is not possible any more to separate the physical
form factor f˜ from the unphysical form factor g˜. We
therefore denote the resulting combination that occurs
as coefficient of the covariant (vα + v
′
α)
ν by ξB(vα · v′α),
i.e. the Isgur-Wise function in the Breit frame. The
integral for ξB(vα · v′α) has the same structure as the one
for ξIF(vα · v′α) (cf. Eq. (56)), namely
ξB(vα · v′α) =
∫
d3k˜′q¯
4π
√
ωk˜q¯
ωk˜′q¯
SB ψ∗ (|~˜k′q¯|)ψ (|~˜kq¯ |) . (60)
Only the boosts that relate k˜′q¯ and k˜q¯ are different. In
the Breit frame ωk˜q¯ and ωk˜′q¯
are connected via
ωk˜q¯ = 2k˜
′1
q¯ u
√
u2 + 1 + ωk˜′q¯ (2u
2 + 1) (61)
and the spin-rotation factor SB becomes
SB =
mq¯ + ωk˜′q¯ + k˜
′1
q¯
u√
u2+1√
(mq¯ + ωk˜q¯ )(mq¯ + ωk˜′q¯ )
. (62)
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FIG. 3: (Color online) Physical and spurious electromagnetic form factors, f˜(vα · v
′
α, να) and g˜(vα · v
′
α, να), of a heavy-light
pseudoscalar meson in the heavy-quark limit with the model parameters being the same as in Fig. 2. Their dependence on the
modulus of the meson velocities να is plotted for different values of vα · v
′
α (1 solid, 1.2 dashed, 2 dotted). The black dots in
the left figure are the values for the Isgur-Wise function directly calculated in the Breit frame (να = u), where f˜(vα · v
′
α, να)
and g˜(vα · v
′
α, να) cannot be separated.
The integrands for the Isgur-Wise function in the
infinite-momentum frame and the Breit frame are thus
obviously different. Surprisingly, the numerical integra-
tion gives the same results for ξIF(vα ·v′α) and ξB(vα ·v′α).
This can be seen in Fig. 3, where the results for ξB(vα·v′α)
are indicated by the black dots. These dots should be
compared with the right end of the corresponding curves.
This suggests that the integrands of ξIF(vα · v′α) and
ξB(vα · v′α) are related by a change of integration vari-
ables. And indeed, the expressions for the energies in
Eqs. (57) and (61) are connected via a simple rotation:
(
k˜′ 1q¯
k˜′ 3q¯
)
IF
=
1√
u2 + 1
(
1 −u
u 1
)(
k˜′ 1q¯
k˜′ 3q¯
)
B
. (63)
Applying this change of variables to the spin-rotation
factor SIF one ends up with SB plus an additional term
which is an odd function of k˜′ 3q¯B that vanishes upon in-
tegration. Our result for the Isgur-Wise function is thus
independent on whether we extract it in the Breit frame
or in the infinite-momentum frame. We therefore will
drop the subscripts “IF” and “B”. For further purposes
we will take the somewhat simpler analytical Breit-frame
expression
ξ(v · v′) =
∫
d3k˜′q¯
4π
√
ωk˜q¯
ωk˜′q¯
S ψ∗ (|~˜k′q¯|)ψ (|~˜kq¯ |) . (64)
with
ωk˜q¯ = k˜
′1
q¯
√
(v · v′)2 − 1 + ωk˜′q¯ (v · v
′) (65)
and
S =
mq¯ + ωk˜′q¯ + k˜
′1
q¯
√
(v·v′)−1
(v·v′)+1√
(mq¯ + ωk˜q¯ )(mq¯ + ωk˜′q¯ )
. (66)
as our Isgur-Wise function. Here we have just reex-
pressed u in terms of v · v′. As one can check, the Isgur-
Wise function introduced in this way is now only a func-
tion of v · v′ and it is correctly normalized, i.e.
ξ(v · v′ = 1) = 1 . (67)
Its independence on the heavy-quark mass mQ is one of
the consequences of heavy-quark flavor symmetry which
is supposed to hold in the heavy-quark limit [5–7].
Heavy-quark flavor symmetry reaches even further.
The heavy flavor in the final state can be replaced by
another heavy flavor without affecting the Isgur-Wise
function. The physical processes leading to such flavor-
changing heavy-to-heavy transitions are, e.g., weak de-
cays. Thus our next aim will be to check whether the
heavy-quark limit of the weak B → D transition cur-
rent, as given in Eq. (24), provides the same Isgur-Wise
function as the electromagnetic current, Eq. (14).
B. Time-like momentum transfer
Like in the electromagnetic case we rewrite meson and
heavy-quark momenta in terms of velocities. The meson
momenta that specify our decay kinematics (cf. Eq. (33))
can be directly expressed in terms of vB · v′D(∗) :
kB = mB


1
0
0
0

 = mBvB , (68)
k′D(∗) = mD(∗)


vB · v′D(∗)√
(vB · v′D(∗))2 − 1
0
0

 = mD(∗)vD(∗) .
For the decay the momentum transferred between the
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initial and the final meson is time-like, i.e.
0 ≤ q2 = (kB − kD(∗))2 (69)
= m2B +m
2
D(∗) − 2mBmD(∗)vB · v′D(∗) ≤ (mB −mD(∗))2 .
From Eqs. (68) and (69) we conclude that
1 ≤ vB · v′D(∗) ≤ 1 +
(mB −mD(∗))2
2mBmD(∗)
. (70)
Note that this v · v′-interval is also accessible in elas-
tic electron-meson scattering for which only v · v′ ≥ 1
must hold. This makes it possible to directly compare
the structure of heavy-light mesons as measured in elas-
tic scattering with the structure inferred from the ob-
servation of weak decays, although these processes in-
volve space-like and time-like momentum transfers, re-
spectively.
Since the axial-vector contribution of the quark current vanishes for pseudoscalar to pseudoscalar transitions, the
heavy-quark limit of the B → D transition current, Eq. (24), is given by
JνB→D(~k
′
D,
~kB)
h.q.l.−→ √mBmD J˜νB→D(~v′D,~vB) =
√
mBmD
∫
d3k˜′q¯
4π
√
ωk˜q¯
ωk˜′q¯
{ ∑
µb,µ′c=± 12
q¯µ′c(~v
′
D) γ
ν uµb(~vB)
×1
2
D
1/2
µbµ′c
[
RW
(
k˜′q¯
mq¯
, Bc(v
′
D)
) ]}
ψ∗ (|~˜k′q¯|)ψ (|~˜kq¯|) . (71)
Here we have made use of Eq. (51) and the fact that the
Wigner rotation of the c-quark spin becomes the iden-
tity. Exploiting the general properties of the Wigner D-
functions and
q¯−µb(~v
′
D) γ
ν uµb(~vB) = −
(
q¯µb(~v
′
D) γ
ν u−µb(~vB)
)∗
,
q¯µb(~v
′
D) γ
ν uµb(~vB) =
√
2
vB · v′D + 1
(vB + v
′
D)
ν ,
(72)
it can be shown that the heavy-quark limit of the B → D
transition current finally takes on the form
J˜νB→D(~v
′
D,~vB) = (vB + v
′
D)
ν ξ(vB · v′D) , (73)
with ξ(vB · v′D) being the Isgur-Wise function defined in
Eqs. (64)-(66). This proves that heavy-quark flavor sym-
metry is respected by our appproach to the electroweak
structure of heavy-light mesons.
Whereas the Isgur-Wise function is just the heavy-
quark limit of the electromagnetic form factor (expressed
as function of v ·v′) its relation to the decay form factors
F0 and F1 is a little bit more complicated. By comparing
Eq. (73) with Eq. (32) it follows that [29]
R
[
1− q
2
(mB +mD)2
]−1
F0(q
2)
h.q.l.−→ ξ(vB · v′D) (74)
and that
R F1(q
2)
h.q.l.−→ ξ(vB · v′D) , (75)
with
R =
2
√
mBmD
mB +mD
. (76)
For finite heavy quark masses the deviation of the left-
hand sides of Eqs. (74) and (75) from the Isgur-Wise
function ξ(vB ·v′D) is a measure for the amount of heavy-
quark (flavor) symmetry breaking.
The heavy-quark flavor symmetry is not the only sym-
metry which is recovered in the heavy-quark limit. There
is also a heavy-quark spin symmetry which has its origin
in the decoupling of the heavy-quark spin from the spin
of the light degrees of freedom. Heavy-quark spin sym-
metry allows to relate matrix elements involving vector
mesons with corresponding ones for pseudoscalar mesons.
A particular example is the statement that the current
matrix elements of the pseudoscalar-to-vector B → D∗
transition are determined by the same Isgur-Wise func-
tion as the current matrix elements of the pseudoscalar-
to-pseudoscalar B → D transition [5–7].
The heavy-quark limit of the B → D∗ transition cur-
rent, Eq. (25), becomes
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JνB→D∗(~k
′
D∗ , µ
′
D∗
;~kB)
↓ h.q.l.
√
mBmD J˜
ν
B→D∗(~v
′
D∗ , µ
′
D∗
;~vB) =
√
mBmD
∫
d3k˜′q¯
4π
√
ωk˜q¯
ωk˜′q¯
{ ∑
µb,µ′c,µ˜
′
q¯=± 12
q¯µ′c(~v
′
D∗) γ
ν (1− γ5)uµb(~vB) (77)
×
√
2(−1) 12−µbC1µ
′
D∗
1
2µ
′
c
1
2 µ˜
′
q¯
D
1/2
µ˜′q¯−µb
[
R−1W
(
k˜′q¯
mq¯
, B−1c (v
′
D∗)
)]}
ψ∗D∗ (|~˜k′q¯|)ψB (|~˜kq¯ |) .
It can now be verified that J˜νB→D∗(~v
′
D∗ , µ
′
D∗
;~vB) has the desired covariant structure [6]
J˜νB→D∗(~v
′
D∗ , µ
′
D∗
;~vB) = i ǫ
ναβγ ǫα(mD∗~v
′
D∗ , µ
′
D∗
) v′D∗β vBγ ξ(vB · v′D∗) ,
−
[
ǫν(mD∗~v
′
D∗ , µ
′
D∗
) (vB · v′D∗ + 1)− v′νD∗ ǫ(mD∗~v′D∗ , µ′D∗) · vB
]
ξ(vB · v′D∗) , (78)
with ξ(vB · v′D∗) being again the Isgur-Wise function de-
fined in Eqs. (64)-(66). This proves that also heavy-
quark spin symmetry is recovered in the heavy-quark
limit within our approach.5
By comparing Eq. (78) with Eq. (38) we finally ob-
tain the relations between the physical B → D∗ decay
form factors (in the heavy-quark limit) and the Isgur-
Wise function [29]:
R∗
[
1− q
2
(mB +m∗D)2
]−1
A1(q
2)
h.q.l.−→ ξ(vB · v′D∗) ,
(79)
R∗ V (q2)
h.q.l.−→ ξ(vB · v′D∗) , (80)
and
R∗ Ai(q2)
h.q.l.−→ ξ(vB · v′D∗) , i = 0, 2 , (81)
with
R∗ =
2
√
mBmD∗
mB +mD∗
. (82)
If the left-hand sides of Eqs. (79)-(81) are calculated with
physical heavy-quark masses, their deviation from the
Isgur-Wise function on the right-hand sides and the dif-
ferences amongst each other can be taken as a measure
for the amount of heavy-quark spin symmetry breaking.
V. NUMERICAL STUDIES
At this point we want to emphasize that the aim of
this paper is not to give quantitative predictions for elec-
troweak heavy-light (transition) form factors based on
5 With κ2D∗ = m
2
D∗ ((vB ·v
′
D∗)
2
−1) we see that ǫα(mD∗~v
′
D∗ , µ
′
D∗
)
is independent of mD∗ (cf. Eq. (41)).
a sophisticated constituent-quark model. It is rather
our intention to demonstrate that the kind of relativistic
coupled-channel approach that we are using to identify
the electroweak structure of few-body bound states is
general enough to provide also sensible results for heavy-
light systems. First we note that the electromagnetic
and weak currents are solely determined by the bound-
state wave function and the constituent-quark masses (cf.
Eqs. (14), (24) and (25)). For our numerical studies we
adopt the simple harmonic-oscillator wave function al-
ready introduced in Eq. (29) and the oscillator and mass
parameters quoted there. In order to calculate the weak
transition form factors from the currents one also needs
the meson masses calculated from the harmonic-oscillator
confinement potential (cf. Eqs. (36),(37) and (42)-(45)).
We take the physical masses, since the theoretically cal-
culated spectrum can always be shifted by adding an ap-
propriate constant to the confinement potential such that
the experimentally measured pseudoscalar and vector-
meson ground-state masses (which we deal with) are re-
produced.
The Isgur-Wise function, as resulting from this simple
harmonic-oscillator model, is plotted in Figure 4. The
effect of the quark spin onto the Isgur-Wise function can
be estimated by comparing the solid with the dashed line.
The latter corresponds to the coupling of the photon
to spinless quarks and is obtained by setting the spin-
rotation factor S = 1. The comparison shows the im-
portance of the proper relativistic treatment of the spin
rotation when boosting the Q-q¯ bound-state wave func-
tion from the initial to the final state. Here it should be
emphasized that it does not matter within our approach
whether the Isgur-Wise function is taken as the heavy-
quark limit of the electromagnetic B-meson form factor
or as the heavy-quark limit of any of the B → D(∗) decay
form factors, although these processes involve space- and
time-like momentum transfers, respectively. In the fore-
going section this is proved analytically, but it can also
be verified numerically (see the right plots in Figs. 5-7).
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FIG. 4: (Color online) Isgur-Wise function (solid line) calcu-
lated by means of Eqs. (64)-(66) with the model parameters
being the same as in Fig. 2. The dashed line corresponds to
spin-rotation factor S = 1.
The authors of Ref. [13], from which we have taken our
model parameters, have derived two different analytical
expressions for the Isgur-Wise function within a front-
form approach by taking the heavy-quark limit of the
B → D and B → D∗ decay form factors, respectively.
These two expressions are then seen to provide the same
numerical results for the Gaussian wave function which
we also use, but give different results for the flavor depen-
dent Wirbel-Stech-Bauer wave function [28]. From this
they conclude that the Wirbel-Stech-Bauer wave function
violates heavy-quark symmetry. Our numerical results,
obtained with the Gaussian wave function, agree with
those of Ref. [13] and we are also able to reproduce the
value for the slope of the Isgur-Wise function at the nor-
malization point v · v′ = 1, namely ρ2 = −ξ′(1) = 1.24.
A reasonably simple analytical expression for the Isgur-
Wise function in front form can be found in Ref. [30]. Its
structure bears some resemblance to Eqs. (64)-(66), but
we have not attempted to prove the equivalence. There
are, however, strong hints that such an equivalence holds.
In the case of the pion we were able to show analytically
that our electromagnetic pion form factor (for space-like
momentum transfers) is equivalent with the usual front-
form expression that results from the +-component of
a one-body current in a q+ = 0 frame [24].6 We sup-
pose that this equivalence extends to the case of bound
states with unequal-mass constituents and generalizes to
electroweak M → M ′ transition form factors (for space-
like momentum transfers), although we have not tried to
prove it analytically. If this is the case, the heavy-quark
limit of electroweak heavy-light meson (transition) form
6 Note that the kinematics which we use to extract electromag-
netic form factors for space-like momentum transfers – Eq. (30)
with κα → ∞ to get rid of cluster problems – corresponds to a
particular q+ = 0 frame in which the z-component of the meson
momentum goes to infinity, i.e. the infinite-momentum frame of
the meson.
factors in front-form and point-form should also lead to
the same Isgur-Wise function.
There is still one gap in this reasoning. It refers to
form factors in the space-like momentum-transfer region,
whereas the authors of Refs. [13, 30] derive their Isgur-
Wise function from weak B → D(∗) decay form factors,
i.e. in the time-like momentum transfer region. It can-
not be taken for granted that the heavy-quark limit of
a one-body current, like it is used in Refs.[13, 30], gives
the same result for the Isgur-Wise function in the space-
and time-like momentum-transfer regions. Going from
space- to time-like momentum transfers means that one
has to give up the q+ = 0 condition and, as a conse-
quence, Z-graphs (i.e. non-valence contributions) may
become important [15]. This is confirmed by an analy-
sis of the triangle diagram for B → D(∗) decays within
a simple covariant model [16]. There it is shown that
analytic continuation (q⊥ → iq⊥) of the B → D(∗) tran-
sition form factors calculated in a q+ = 0 frame for space-
like momentum transfers to time-like momentum trans-
fers leads to the same results as a direct calculation of
the B → D(∗) decay form factors in the time-like region
(q+ 6= 0), provided that Z-graph contributions are appro-
priately taken into account. The importance of Z-graph
contributions, however, decreases with increasing mass
of the heavy quark and is generally assumed to vanish
in the heavy-quark limit, since an infinitely heavy quark-
antiquark pair cannot be produced out of the vacuum.
Thus it is most likely that the heavy-quark limit of a
one-body current formulated within front-form dynam-
ics gives the same result for the Isgur-Wise function in
the space- and time-like momentum-transfer regions, as
it is the case in our point-form approach.
Heavy-quark symmetry is broken for finite heavy-
quark masses. But within any reasonable theoreti-
cal model for the electroweak structure of heavy-light
hadrons the heavy-quark limit of the form factors (mul-
tiplied with appropriate kinematical factors) should go
over into one universal function, the Isgur-Wise function.
It is, however, also interesting see what has to be ex-
pected from experimental measurements of the form fac-
tors and to estimate how large heavy-quark-symmetry
breaking effects are for physical masses of the heavy
quarks. First we discuss our model predictions for the
electromagnetic form factors of D+ and B− mesons, as
measured in the space-like momentum transfer region.
Fig. 5 shows these form factors as functions of v · v′ in
comparison with the Isgur-Wise function. Plotted is the
full form factor, as it is measured experimentally. This
includes the two contributions in which the photon goes
to the light and the heavy quark, respectively. Only the
latter survives in the heavy-quark limit. In the electro-
magnetic form factor these contributions are weighted
with the charges of the corresponding quark. For direct
comparison with the Isgur-Wise function one thus also
has to multiply the Isgur-Wise function with the charge
of the heavy quark. For v ·v′ → 1 the contribution of the
light quark provides a peak which becomes more pro-
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FIG. 5: (Color online) Electromagnetic form factors of the D+ (left) and B− (right) mesons calculated in the Breit frame
(dotted line) and infinite-momentum frame (dashed line) in comparison with the Isgur-Wise function (solid line). For direct
comparison the Isgur-Wise function is multiplied by |QQ|, i.e. the charge of the heavy quark. Model parameters are the same
as in Fig. 2.
nounced with increasing mass of the heavy quark. In
the case of the B−-meson the heavy-quark contribution
starts to dominate at v · v′ & 1.1 (which corresponds to
Q2 & 5 GeV2) and the v · v′-dependence of the form fac-
tor resembles the one of the Isgur-Wise function with the
absolute magnitude differing by about 20% in the con-
sidered v · v′-range. For the D+-meson the dominance of
the heavy-quark contribution sets in at about the same
momentum transfer (Q2 & 5 GeV2), corresponding to
v · v′ & 1.7 (cf. Eq. (50)). Due to the smallness of the
charm-quark mass, the absolute magnitude of the form
factor at v · v′ ≈ 2 deviates from the Isgur-Wise function
by about 60%.
As we have discussed already in Sec. III A, wrong clus-
ter properties inherent in the Bakamjian-Thomas con-
struction may lead to an unwanted dependence of the
electromagnetic form factors on Mandelstam-s. Note
that such an s-dependence does not spoil the Poincare´
invariance of our 1-photon-exchange amplitude, it rather
hints at a non-locality of our photon-meson vertex. If
one does not consider the full electron-meson scattering
process, but rather the γ∗M → M subprocess, the s-
dependence may be reinterpreted as a frame-dependence
of our description of this subprocess. The two extreme
cases are minimum s to reach a particular momentum
transfer Q2 and s → ∞ (Q2 fixed). The first corre-
sponds to the Breit frame, the latter to the infinite-
momentum frame of the meson, respectively. In both
cases the Lorentz structure of the electromagnetic cur-
rent of a pseudoscalar meson may be expressed in terms
of the physical covariant (p
α
+ p′
α
)µ alone and no spu-
rious covariant or form factor is needed. The dashed
and dotted lines in Fig. 5 show the electromagnetic
form factors of the D+ and B− mesons for s → ∞
(infinite-momentum frame) and s = m2α +m
2
e +Q
2/2 +
2
√
m2α +Q
2/4
√
m2e +Q
2/4 (Breit frame), respectively.
The differences are already rather small for the D+ me-
son, become even smaller for the B− meson and vanish
in the heavy-quark limit, as we have shown analytically
in Sec. IVA.
Semileptonic decays, involving time-like momentum
transfers, are easier to handle. The decay currents that
follow from our coupled channel approach can be ex-
panded in terms of physical covariants alone and the
form factors depend only on the 4-momentum trans-
fer squared (cf. Sec. III B). Plotted in Fig. 6 (left)
are the two transition form factors that can be mea-
sured in the weak B− → D0e−ν¯e decay. These form
factors are multiplied with appropriate kinematical fac-
tors such that they go over into the Isgur-Wise func-
tion when taking the heavy-quark limit. One predic-
tion of heavy-quark symmetry is the approximate equal-
ity of RF1 and R(1 − q2/(mB + mD)2)F0. For phys-
ical masses of the heavy quarks the differences are in-
deed less than 7% of the absolute values of the form fac-
tors and tend to become smaller with increasing v · v′.
Similar to the case of the space-like form factor of the
B− meson the deviation from the Isgur-Wise function
is still about 15%. In order to demonstrate numerically
that RF1 and R(1− q2/(mB +mD)2)F0 converge to the
Isgur-Wise function in the heavy-quark limit, we have
made a calculation with b- and c-quark masses that are
6.25 times larger than the physical masses (such that
mc = 10 GeV). The result is shown in the right plot of
Fig. 6. For such large masses of the heavy quark the dis-
crepancy between RF1, R(1 − q2/(mB + mD)2)F0 and
ξ shrinks already to less than 10%. A quantity that is
often quoted is the slope of the Isgur-Wise function at
zero recoil, ρ2 = −ξ′(1). For our simple wave function
model we we have found ρ2 = −ξ′(1) = 1.24. This should
be compared with the slope of FD(w) = RF1(q
2(w))
at zero recoil, w = v · v′ = 1, a quantity which is di-
rectly related to the (unpolarized) semileptonic decay
rate, dΓB→Deν¯/dw ∝ (w2−1)3/2|FD(w)|2 [7]. In our case
we get FD(1) = 0.93 and ρ
2
D := −F ′D(1)/FD(1) = 0.59,
i.e. a considerably smaller slope than one would get in
the heavy-quark limit. The up to date experimental value
for the slope, as quoted by the Heavy Flavor Averaging
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FIG. 6: (Color online) Weak B− → D0 decay form factors (multiplied with appropriate kinematical factors, cf. Eqs. (74) -
(76)) for physical heavy-quark masses in comparison with the Isgur-Wise function (left figure). Model parameters are the same
as in Fig. 2. In the right figure c and b-quark masses are multiplied by a factor 6.25 such that mc = 10 GeV and meson masses
are taken equal to the corresponding quark masses.
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FIG. 7: (Color online) Weak B− → D0∗ decay form factors (multiplied with appropriate kinematical factors, cf. Eqs. (79) -
(82)) for physical heavy-quark masses in comparison with the Isgur-Wise function (left figure). Model parameters are the same
as in Fig. 2. In the right figure c and b-quark masses are multiplied by a factor 6.25 such that mc = 10 GeV and meson masses
are taken equal to the corresponding quark masses.
Group [31], is ρ2D = 1.18 ± 0.06. Combining the results
for the electromagnetic form factor of the B−-meson in
the space-like region and for the weak B− → D0 decay
form factors in the time-like region one can say that the
breaking of heavy-quark flavor symmetry due to the fi-
nite masses of the heavy quarks is at most a 15 − 20%
effect.
Similar quantitative conclusions can be drawn for the
breaking of heavy quark spin symmetry from the compar-
ison of the weak B− → D0∗ decay form factors amongst
each other and with the Isgur-Wise function. Heavy-
quark symmetry predicts that R∗V , R∗A0, R∗A2, and
R∗(1− q2/(mB+mD)2)A1 should coincide in the heavy-
quark limit. The maximum difference is again about
5% of the absolute value, whereas the maximum devi-
ation from the Isgur-Wise function is about 20%, such
that breaking of heavy-quark spin symmetry for phys-
ical quark masses in B− → D0∗e−ν¯e amounts also to
about 20%. The right plot in Fig. 7 shows how heavy-
quark spin-symmetry is approximately restored if b- and
c-quark masses are increased by about one order of mag-
nitude.
At the end of this section we want to stress that
our discussion of heavy-quark-symmetry breaking was re-
stricted to effects that come from the finite mass of the
heavy quarks. We have ignored effects that result from
a (heavy) flavor dependence of the B- and D(∗)-meson
wave functions, which would show up in more sophisti-
cated constituent-quark models for heavy-light mesons.
With a smaller oscillator parameter for the D-meson, as
it is suggested in a front form analysis of heavy-meson
decay constants [32], one could, e.g., come closer to the
experimental value for ρ2D.
VI. CONCLUSIONS
In this paper we have extended and generalized previ-
ous work on the electromagnetic structure of spin-0 and
spin-1 two-body bound states consisting of equal-mass
particles [24, 25, 33]. Working within the point form of
relativistic quantum mechanics and using a constituent-
19
quark model with instantaneous confining force we have
derived electroweak current matrix elements and (tran-
sition) form factors for heavy-light mesons in the space-
and time-like momentum-transfer regions. Starting point
of this derivation is a multichannel formulation of the
physical processes in which these form factors are mea-
sured, i.e electron-meson scattering and semileptonic
weak decays. This formulation accounts fully for the dy-
namics of the exchanged gauge boson (γ orW ). Poincare´
invariance is guaranteed by adopting the Bakamjian-
Thomas construction with gauge-boson-fermion vertices
taken from quantum field theory. Vector and axial-
vector currents of the mesons can then be uniquely iden-
tified from the one-boson-exchange (γ orW ) amplitudes.
These currents have already the right Lorentz-covariance
properties and the electromagnetic current of any pseu-
doscalar meson is conserved. But wrong cluster proper-
ties, inherent in the Bakamjian-Thomas construction [3],
give rise to spurious dependencies of the electromag-
netic current on the electron momenta. For pseudoscalar
mesons this unwanted dependencies are eliminated by
taking the invariant mass of the electron-meson system
large enough [24, 25, 33]. The resulting electromagnetic
form factor of a pseudoscalar meson is then equivalent
to the one obtained in front form from the +-component
of a one-body current in a q+ = 0 frame. The weak
pseudoscalar → pseudoscalar and pseudoscalar → vec-
tor transition currents are not plagued by such spurious
contributions. They can be expressed in terms of physi-
cal covariants and form factors with the form factors de-
pending on the (time-like) momentum transfer squared,
as it should be. In front form one observes some frame
dependence of the B → D∗ decay form factors if they
are extracted from the +-component of a simple one-
body current [13]. This is attributed to a missing non-
valence (Z-graph) contribution, which makes the triangle
diagram, from which the form factors are calculated, co-
variant [13, 16]. In the case of the point form it is, of
course, also not excluded that Z-graphs may play a role,
but they are not necessary to ensure covariance of the
current, since Lorentz boosts are purely kinematical and
thus do not mix in higher Fock states.
Having derived comparably simple analytical expres-
sions for the electromagnetic form factor of a pseu-
doscalar heavy-light meson and the B → D(∗) decay form
factors we discussed the heavy-quark limit. We found
that the decay form factors (multiplied with appropri-
ate kinematical factors) go over into one universal func-
tion, the Isgur-Wise function, as demanded by heavy-
quark symmetry. For the electromagnetic form factor
we observed that the heavy-quark limit does not com-
pletely remove the spurious dependence on the electron
momentum. One still has a spurious covariant and the
s-dependence of the form factors goes over into a depen-
dence on the (common) modulus of the incoming and out-
going 3-velocities of the heavy meson. This dependence
on the modulus of the meson velocities vanishes by taking
it large enough. In the limit of infinitely large meson ve-
locities we found a rather simple analytical expression for
the Isgur-Wise function which turned out to be (apart of
a change of integration variables) the same as the expres-
sion which we got from the decay form factors. Interest-
ingly, we have also got the same result for the Isgur-Wise
function for the minimum value of the meson velocities
that is necessary to reach a particular value of v · v′ (the
argument of the Isgur-Wise function). For minimum ve-
locities it is not possible to separate physical and spurious
contributions since the respective covariants become pro-
portional. The dependence of the electromagnetic pseu-
doscalar meson form factor on Mandelstam-s and the
dependence of the resulting Isgur-Wise function on the
modulus of the meson velocities may be interpreted as
a frame dependence of the γ∗M → M subprocess. The
s→∞ (velocities→∞) limit corresponds to the infinite-
momentum frame, whereas minimum s (minimum veloc-
ities) corresponds to the Breit frame. Our finding thus
means that it does not matter whether we calculate the
Isgur-Wise function in the infinite-momentum frame or
the Breit frame. In the heavy-quark limit the results are
the same and agree with the heavy-quark limit of the de-
cay form factors. Numerical agreement was also found
with the front-form calculation of Ref. [13].
As a first application and numerical check of our ap-
proach we have calculated electromagnetic D+- and B−
form factors, the B → D(∗) decay form factors and the
Isgur-Wise function with a simple (flavor independent)
Gaussian wave function. For the electromagnetic B−
form factor and for the B → D(∗) decay form factors
the effect of heavy-quark symmetry breaking due to fi-
nite physical masses of the heavy quarks turned out be
15 − 20%. For the electromagnetic D+ form factor it
rather amounted to about 60%.
To conclude, we have presented a relativistic point-
form formalism for the calculation of the electroweak
structure of heavy-light mesons within constituent quark
models with instantaneous confining forces. This formal-
ism provides the electromagnetic form factor of pseu-
doscalar heavy-light systems for space-like momentum
transfers and weak pseudoscalar-to-pseudoscalar as well
as pseudoscalar-to-vector decay form factors for time
like momentum transfers. It exhibits the correct heavy-
quark-symmetry properties in the heavy-quark limit. Al-
though we have not presented results, our approach is im-
mediately applicable to semileptonic heavy-to-light tran-
sitions and it is general enough to deal with additional
dynamical degrees of freedom, such that one could, e.g.,
account for non-valence Fock-state contributions in the
mesons [34].
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